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Abstract - -  The longitudinal vortex and its effects on transport processes in laminar flow between horizontal 
and inclined parallel-plates kept at different temperatures were investigated. A new set of experimental data is 
presented on the velocity and temperature fields. Theoretical predictions were made by means of a numerical 
finite-difference method. Based on good agreement between theory and experiment, the disturbed primary- 
flow fields along with the disturbance patterns were examined both for the horizontal and inclined flows. The 
maximum inclination angle was 32.1 ~ from the horizontal and the Rayleigh numbers were less than 9300. It 
was shown that the interaction between vortices was rather small in the horizontal flow, the velocity-peak 
being near the vortex center. Ito~vever, in the inclined flow, disturbance patterns changed remarkably; two 
neighboring vortices tended to form a pair v,-hich had a single velocity peak at the upwelling-boundary of the 
vortex in the upward flow, and conversely at the downwelling-boundary in the downward flow. 
Augmentations of the Nusselt number and pressure drop due to the vortex formation were shown to be 

independent of the inclination angle and were formulated in a simple form. 

NOM ENCLATURE 

a~, a ~., 
b, 
ep~ 

f, 
Gr, 

h, 
M, N, 

NIl ,  
p*,  

p~, 

e r ,  

q, 
Ra, 
Re, 
T*, 
AT*, 

X*, y*, Z*, 

Greek symbols 

constants defined by equation (13); fl' 
distance between parallel plates [ m ] ;  3" 

0, specific heat at constant  pressure 
[ j  k g - i  K - l ] ;  2, 

friction factor, 21 rw I/p(u*> z ; 2,, 
Grashof number,  gflA T*b3/v 2 ; It, 
gravitational acceleration [m s-  2] ; v, 
dimensionless grid spacing; P' 
number  of grid lines in y and z directions, ~' 
respectively; t,b, 
Nusselt number,  ]qlb/(AT*;.); 
static pressure at the cooled wall [Pa]  ; 
static pressure at center of the fluid layer 
[Pa]; 
Prandtl  number,  cv/l/2; C, 
heat flux [J m - '  s -  i] ; H, 
Rayleigh number, Pr Gr; s, 
Reynolds number, (u*)b /v ;  w, 
temperature [ K ] ;  ( ), 
temperature difference, T~l -- T~ [ K ] ;  *, 

velocity components  (Fig. 1) [m s -  t] ; ,, 
coordinates (Fig. 1) [m]. 
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thermal expansion coefficient [ K - l ] ;  
aspect rat io;  
angle of inclination ; 
thermal conductivity [J m -  i K -  i s -  1] ; 

width of vortex I-m] ; 
viscosity [kg m -  1 s-  1] ; 
kinematic viscosity [-m 2 s -  "] ; 
density [kg m -  s] ; 
shear stress [ P a l ;  
stream function of disturbance. 

Subscripts and superscripts 

at the cooled wall or critical condi t ion;  
at the heated wall; 
steady state for the undisturbed field; 
at the wall; 
average over the cross-section ; 
dimensional quantity ; 
disturbance ; 
mean over one period in z direction. 
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I. INTRODUCTION 

WHEN a fluid layer between two horizontal parallel 
plates is heated from below and cooled from above, the 
buoyancy force normal to the plates makes the flow 
unstable and gives rise to vortices for a range of 
Rayleigh number above the critical value (Ra c = 
1708). If forced-flow is superimposed, rolls of longitu- 
dinal vortices appear in the fluid layer and enhance the 
transport processes of heat and momentum. 

Mort and Uchida [1] were the first to perform this 
type ofexperiment, analyzing the convection by means 
of a quasi-linear approximation [2-4]. They assumed 
that, near the critical condition, the disturbance during 
its growth did not change its spatial cellular pattern; 
only its amplitude increased. On the basis of energy 
and entropy-production balances, they determined the 
amplitude of the disturbance. Their results on the 
development of the longitudinal vortex and the re- 
sultant deformation of the primary-flow fields were in 
good agreement with the experimental data near the 
critical condition. 

However, in the range of Rayleigh number far above 
the critical value, non-linear mechanisms prevail and 
the above assumption cannot account for them ade- 
quately. Thus numerical solutions were presented by 
Ogura and Yagihashi [5] and Hwang and Cheng [6] ; 
the latter pointed out that the increase of the heat 
transfer coefficient above the result obtained by the 
quasi-linear approximation reached 25~ at a Rayleigh 
number nine times greater than the critical value. 
However, in order to discuss further the structure of 
the vortex in the higher Rayleigh number range, more 
information from experiments is necessary. 

When a fluid layer is bounded by two vertical plates 
kept at uniform�9 but different temperatures, thermally- 
driven convection occurs. The flow instability and the 
dependence of the superimposed forced-flow were 
investigated experimentally and theoretically by the 
present authors [7]. It was found that the flow became 
unstable at a certain Rayleigh number due to a 
disturbance of a travelling-wave type, the direction of 
its axis being in the transverse direction and so being 
different by an angle of ;r/2 from that in the horizontal 
flow case. Thus, a substantial change in the vortex 
motion occurs as the inclination angle is increased. 

y, *v~ ~,,c~e/~,,o~ 

FIG- I. Flow configuration and coordinate system. 

The purpose of the present paper is to prcsent 
further information on the structure of these vortices in 
the horizontal flow case in a range of Rayleigh number 
far above the critical value. Laser-Doppler anem- 
ometry was used to measure the flow field. A finite- 
difference method [8] was applied to predict the flow 
and temperature fields. The second purpose is to make 
clear the effect of flow inclination on the primary flow 
and disturbance pattern. The inclination angle was 
limited to a maximum of 32.1 ~ from the horizontal; at 
the maximum inclination, the vortex changed sub- 
stantially in its structure, although its axis remained 
parallel to the streamwise direction. 

2. TIIEORETICAL ANALYSIS 

2.1. Governing equations 
Consider a 2-dim. fully-developed laminar flow 

between inclined parallel plates kept at uniform but 
different temperatures. Here, it is assumed that the 
inclination angle 0 is small so that the disturbance 
which causes the flow instability is 2-dim. with its axis 
in the streamwise direction. The flow configuration 
and coordinate system are shown in Fig. 1. 

Under the Boussinesq approximation, with the 
reference temperature T~ at the cooled wall, the set of 
governing equations is written as follows: 

Contimdty equation. 

0v* dw* 
o~'* + ~ 0. (1) 

Momentun! equations. 

�9 &~__** 0u* 1 Op* 
v Oy* + w* c3z----g . . . . .  

U * - -  4" W * - -  = - -  - - - -  
dy* az* 

P c  O x *  

+ 

10p* 
Pc Oy* 

+ 

+ 1 V0~W~*) 
Pc 

gfl(T* - T t )  sin 0, 

+ lv0Lvv*)  
Pc 

g/~(T* - T~)cos0 ,  (3) 

- -  + I V(IWW* ). (4) 
Pc 

(2) 

�9 *dw* w*dW* 1 dp + 
v ~ + dz* Pc Oz* 

Energy equation. 

dT* OT* 1 
= VONT*) (5) 

v* 0--7 + w* Oz* pcCpc 

where V = 0/3y* + O/Oz*. Here, the axial pressure 
gradient has been assumed constant over the cross- 
section and viscous dissipation and compressibility 
effects in the energy equation haye been neglected. In 
the present analysis, the temperature dependencies of 
viscosity and thermal conductivity are taken into 
account. 

The following dimensionless variables and para- 
meters are introduced: 

(x*, y*, z*) = b(x, y, z), (u*, v*, w*) = (u, v. w)vclb, 

= - = p p o U b  , T* - T~ T ( T ~  T~), p ,  ,2 z 
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Gr gfl(T~ . 3 .z = - T , ) b / ~ c ,  Re = (u*)b/v  o 

Gr, = Gr sin 0, Gr r = Gr cos 0. 

The dimensionless stream function is defined by 

ef 
V= - - -  and w = - -  (6) 

Oz O)' " 

Using these dimensionless quantities, the streamwise 
momentum equation may be expressed by 

Of &, 

3y Oz 

at/, &l - 0p 
-- + P/Pc V2u 

Oz a)' Ox 

�9 & l  a \ 
+ gg)0,/,c)+ Cr T (7) 

+ \0y y 

where V 2 = 02/0y * + 02/oz 2. After eliminating the 
pressure terms from equations (3) and (4), we can 
derive the following vorticity transport  and energy 
equations:  

Of &o 0 f  0o  
- 01/t'c) V2r 

Oy Oz dz Oy 

(a_o~ ~ &o O \ 0 2 f  O ~ 
+ 2 ~ y - ~ y  + -~z-~z)(PlPc) - 2 OyOz Oyaz 

d 2 d T  
O: f  V2 (f/Pc) + c~ (P/Pc) + Gry (8) 
O) 'z Oz ' 

Off aT  Of  OT _ 1 r t2/2c)V2T 
3), Oz Oz Oy Pr r 

~OT 0 OT 0 \ ~ ~ -1 
+ + 

where the dimensionless vorticity is defined as 

= -- V2f. (10) 

The boundary  condit ions are 

u = f = Of/Oy = d f /d z  = 0 a t y  = 0 a n d l , a n d a t z  = 
0 and 7; 

T = l a t y : : O a n d T = O a t y = l .  (11) 
For the temperature condition at the side walls, we will 
examine the following two cases: 

a T / O y = O  or T = l - y  at z = 0 and 7, 
(12) 

that is, the adiabatic condition and a linear wall- 
temperature condition, respectively. It should be noted 
that, in the present analysis, the width of the vortex has 
not been specified; it was to be determined for each 
heat transfer condition and each aspect ratio y. The 
variations of viscosity and thermal conductivity are 
represented approximately as 

it/Pc = 1 + auT, 2/,;. c = 1 + aj, T. (13) 

llaese coupled, nonl inear  differential equations 
(7)-(10), with boundary  conditions (11) and (12), will 
be solved numerically by means of a finite-difference 
method. 

2.2. Finite-difference equations 
The field of interest is considered to be covered by a 

linear-orthogonal grid network. The nodes of the 
finite-difference grid correspond to the intersections of 
the grid lines. Figure 2 shows a typical node P, four 
surrounding nodes N, S, E and W, and nodes labelled 
NE, NW, SE and SW. Following the procedure of 
Gosman et al. [8], equations (7)-(10) are expressed in 
finite-difference form. For example, 

up = {uE(A E + B u) + uw(Aw + Bu) + UN(AN + Bo) 

+ us(A s + Bu) - h2dp/dx + Gr~Tph 2 + 0.25% 

x [ ( T  N - T s ) ( u  s - u s) + (TE - -  Tw) (UE - -  U w ) ] }  

/[AE + Aw + AN + A s + 4Bu] (14) 

where 

AE = [(fSE + US -- fNE -- f ro  

+ IfsE + f s  - f ,E - f , , I ] / 8 ,  (15) 

and so on. 

B U= 1 +a#Tp,  B r = 1 + a a T  P. (16),(17) 

If viscosity and thermal conductivity are presumed 
constant, 

a u = a~ = 0. 

In the numerical calculation ihe space subscripts in the 
finite-difference equations such as equation (14) are 
replaced by i and j in the y and z directions, 
respectively. 

Expressions for the surface vorticity were obtained 
by use of a Taylor expansion out from the wall and by 
neglecting terms of more than the second order. For 
example, the boundary  conditions at the lower plate 
may be written as 

u1.1 = f l  .i = 0, T t .i = 1, o h , l  = (8f2.1 - f3.J)/2h2 

at y = 0 .  (18)  

Here i = 1, 2 . . . . .  Af a n d j  = 1, 2 . . . . .  N. 
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FIG. 2. Finite-difference grid; broken lines enclose area of 
integration 1"8]. 
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2.3. Method of soh,tion 
In addition to the above equations, another con- 

straint is required from the conservation of total mass, 

Re=(t,*>t,/Vc=~ff~,d)'dz/'e. (19) 

Of the four parameters Re, Gr, Pr and dp/dx in the 
governing equations, all except dp/dx were used as 
input data. 

Numerical calculations were performed by an 
under-relaxation method and a point-iterative pro- 
cedure. First, distributions of temperature, stream 
function and vorticity were determined simultaneously 
from equations (8)-(10), in which the streamwise 
velocity does not appear. Next, equation (7) was solved 
for the streamwise velocity. Finally, dp/dx was de- 
termined to satisfy constraint (19). 

In the numerical calculations, the number of grid 
lines was selected as M = 21 and N = 401. For the 
square grid adopted, the aspect ratio was 20, cor- 
responding to the experiment to be described later. 
Other values of M and N, e.g. M = 11 and N = 201 
and M = 41 and N = 801 were also tested for flow 
conditions of (Re, Gr, 0) = (200, 5100, 0) and (46.2, 
7400, 0), and the selected values of M and N were 
judged to be large enough. The calculation was 
terminated when the changes of all variables in 
successive iterations became less than 0.1%. 

3. EXPERIMENTAL APPARATUS AND PROCEDURE 

The experimental apparatus is shown schematically 
in Fig. 3. The experiment was performed in a rect- 
angular duct with a large aspect ratio. The duct was 
2 m long, its cross-section being 0.200 m • 0.011 m; it 
could be set at an arbitrary inclination angle 0 from the 

horizontal. The heat transfer surfaces were made of 
3 mm thick stainless steel plates. Behind them jackets 
were attached through which cooled water and steam, 
respectively, flowed to maintain the heat transfer 
surfaces at uniform temperatures. The side walls were 
made of 10 mm thick wooden (adiabatic) plates. 

The test fluid was air which was circulated in the 
closed flow system. Measurements were made at the 
cross-section 1.6 m downstream of the entrance, i.e. 73 
hydraulic diameters downstream. This long entrance 
length, as well as the maintenance of the entrance 
temperature the same as the outlet temperature, was 
sufficient to establish the fully-developed flow and 
temperature fields at the measuring section. For the 
measurement of very low velocities, a laser-Doppler 
velocimeter (Kanomax Type 27) was used in the fringe 
mode. The beam intersection angle was 18.9 ~ . The 
intersection point was moved vertically and laterally 
by a traversing system. Smoke was generated using an 
incense stick placed in the mixing box just upstream of 
the duct entrance. This permitted the visualization of 
the flow pattern and provided seeding for the 
laser-Doppler velocimetry. Simultaneous measure- 
ments of the temperature patterns were performed by 
means of a sheathed Ar-Cr thermocouple of 0.25 mm 
O.D. The heat transfer rates at the walls were de- 
termined from the temperature gradients near the 
walls. 

The cross-sectional mean velocity (u*) ranged from 
0.029 to 0.14 m s-  t, so that the Reynolds numbers Re 
were in the range 17.0-80.1. The temperature differ- 
ence between the plates was less than 85 K and the 
Grashof numbers Gr ranged from 2700 to 9300. The 
inclination angle 0 was varied from 0 to 32.1 ~ from the 
horizontal. The lower plate was always heated. 

- L 2000 1600 

~ t :  v i i / , m ~ i / : J / i / m / a  

FIG. 3. Schematic diagram of the experimental apparatus; 1 pump, 2 tank, 3 temperature controller, 4 air 
tank, 5 blower, 6 mixing box, 7 vapor generator, 8 thermocouple, 9 optical glass. 
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FIG. 4. Distributions of longitudinal velocity and temperature in the 3,' direction. ; Numerical prediction, 
- - - ;  analytical solution of Mori et al. [1]. (a) and (c); Re = 46.2, Gr = 7400 and 0 = 0 ~ (b) and (d); 

Re = 46.2, Gr r = 3770 and 0 = 32.1 ~ . 

4. RESULTS AND DISCUSSION 

4.1. Effects of rariable properties and boundary 
conditions 

Since the aspect ratio is very large, the flow in the 
central region of the duct may be assumed to be the 
same as that between infinite parallel plates. Here and 
in the following sections the discussion will be limited 
to the flow in the central region of the duct. 

In the horizontal flow case, if the temperature 
dependencies of viscosity, thermal conductivity and 
density are taken into account, the numerical calcu- 

H M T  2 6 - I  - H 

lation predicts that the absolute values of the vorticity 
and stream function would be decreased by about  10,%o 
when the temperature difference between tile plates 
attains 52 K (Gr = 7400). However, when they are 
normalized by their maximum values, changes in the 
vorticity and stream function patterns over the cross- 
section are very small. Changes in the longitudinal 
velocity, temperature and vortex width are less than 
1%. Therefore, the structure of the vortex is considered 
to be unaffected by the temperature dependencies of 
the physical properties in the present experimental 
conditions. This is also true in the inclined flow case. 
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It is sometimes the case in thermal convection 
3roblems that different initial perturbations produce 
lifferent mode solutions when approaching steady 
;tale. We compared solutions using (a) uniform pro- 
iles of velocity and temperature and (b) profiles with 
iifferent external conditions. (Calculated in the pre- 
-ious step of execution.) These gave substantially the 
;ame result. Also, two boundary conditions at the side 
vails were examined ; (a) the adiabatic condition and 
b) linear-temperature condition. These agreed t o  
.vithin an error of 0.6~ in the region far from the side 
.vails, at least at an aspect ratio 20. 

Thus, only the results with constant properties and a 
linear temperature profile at the side walls will be 
discussed in the following sections. 
! 

4.2. Horizontal  f low case 
As mentioned before, there have been analytical and 

numerical investigations of the flow pattern and 
structure of the longitudinal vortex motion in the 
supercriticai condition. However, the results have only 
been compared against the experimental results of 
Mori and Uchida [I] .  As for the longitudinal velocity 
field, Ogura and Yagihashi [5] and Hwang and Cheng 
[6-] as well as the present investigation, have predicted 
accurately the experimental results of Mori and 
Uchida at Ra = 8010 (=  4.69 Rac). However, they 
have failed to predict accurately the measured tem- 
perature distributions. Ogura and Yagihashi exam- 
ined the numerical calculation and experimental data 
En detail, and discussed reasons for the discrepancy. 
Later Ostrach and Kamotani's [9-1 heat transfer 
:xperiment showed that, for Ra > 8000 (the same 
range as that used by Mori and Uchida), stable vortex 
rolls disappeared and the fluid motion became ir- 
regular. They also detected a reversal of the mean 
temperature gradient in the central region of the 
:hannel. That counter-gradient heat flux (advected by 
the vortex motion)had not been observed by Mori and 
Uchida, but it was predicted numerically as well as 
analytically. 

Presented here are the experimental results of the 
present investigation. The distributions of longitudinal 
velocity and temperature in the y direction are shown 
in Figs. 4(a) and (b) and those in the spanwise direction 
are shown in Figs. 5(a)-(c). Here and in the following 
sections the origin of z* was shifted to the upwelling 
boundary of the vortex near the center. In Fig. 4, 
profiles of the mean velocity ff and temperature "F are 
also shown. The present experiment shows clearly the 
=ounter-gradient heat flux in the central region of the 
vortex, as seen in the profile of local temperature at 
z*/2 v = 0.5 [open circles in Fig. 4(b)]. The numerical 
predictions as well as the analytical solutions of Mori 
and Uchida are also shown in these figures. The 
numerical prediction agrees well with the experimental 
results. Thus, we conclude that the numerical results 
represent the real flow field in the supercritical 
:ondition, at least in so far as the vortex motion 
remains stable and 2-dim., i.e. at Ra < 8000. 

In contrast to this, the analytical solution appears 
valid only in the region of Rayleigh numbers not very 
much larger than the critical value. Hwang and Cheng 
[6] estimated the limitation of Rayleigh number to be 
less than 3000, in so far as the heat transfer rate was 
concerned. As seen in Fig. 4, the analytical solution 
shows a concave profile of longitudinal velocity near 
the center of the vortex. It also overpredicts a large 
positive temperature gradient in the central region of 
the channel. These discrepancies increase with increas- 
ing the Rayleigh number. This is supposedly due to the 
fact that the analytical solution does not account 
sufficiently for the nonlinear effects of the vortex 
motion. 

Isopleths of longitudinal velocity and isotherms of 
the primary flow field are shown in Figs. 6(a) and 7(a), 
respectively. The velocity peak appears near the center 
of the vortex, where the isopleths incline upward in the 
upwelfing region. This results in a drastic change of the 
lateral distribution o f u / R e  (Fig. 5). Isotherms for both 
the primary flow and disturbance [Fig. 7(a)] and the 
streamlines [Fig. 7(b)] show clearly that a positively 
buoyant plume rises up in the plane z*/2v = 0. It 
impinges upon the upper plate and spreads laterally. 
At the other boundaries (i.e. z*/)., = + 1) negatively 
buoyant plumes arise. This regular alignment of the 
plumes constitutes the longitudinal vortex motion and 
these plumes block the primary flow significantly (see 
the isopleths of u'/lu'lm~). Here it should be noted that 
u' and T'  were obtained as deviations from mean 
values, ti and "F, respectively. 

4.3. lnclined f low case 
In the first case to be discussed, the fluid flows 

upward between the parallel plates, the lower plate 
being heated and the upper one cooled. As the fluid 
layer is inclined from the horizontal, the thermally- 
driven motion is superimposed on the forced flow. The 
primary flow field in the subcritical condition is 
represented by the steady solution of equation (2) as 

tq = (Gr x - 24 Re) 0 ,2 -- y)/4 
+ Grx(y 3 - 3y 2 + 2)')/6. (20) 

However, in the supercritical condition, the vortex 
motions significantly disturb the primary flow fields, 
which are very different from those in the horizontal 
flow case. The measured distributions of longitudinal 
velocity and temperature in the y direction are shown 
in Fig. 4 for an inclination angle 0 of 32.1 ~ 

When the fluid layer is inclined, upwelling caused by 
the positively buoyant plume of the vortex has a 
positive velocity component in the flow direction, 
which results in increasing the longitudinal velocity at 
the vortex boundary z*/2v = 0, while downwelling due 
to the negatively buoyant plume works to reduce the 
ftow at the other vortex boundary. This results in the 
remarkably skewed profile of the longitudinal velocity. 
In contrast to this, if Gr r is constant [see equations 
(8)-(10)], the temperature field, as well as $ and to, 
does not change with 0. 
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Fro. 6. Change of the primary flow (u/um~ ~ upper row) and disturbance pattern (u'/[u'[,~=~ lower row) with 
flow inclination at Re = 46.2 and Gry = 7400. (a); 0 = 0 ~ (b); 0 = 10 ~ (c); 0 = 20 ~, (d); 0 = 30 ~. 

A remarkable change may also be seen in the lateral 
distributions. For example, in Fig. 5 it is obvious that 
the amplitude of variation of the longitudinal velocity 
is small near the lower plate but becomes significantly 
larger in the upper-half region. Moreover, the two 
vortices in a pair cannot be distinguished, since they 
share a single peak. 

Such a change in the primary flow field with flow 
inclination can be understood intuitively from the 
isopleths of u (Fig. 6); in the horizontal flow case, the 
velocity peaks are located near the center of each 
vortex. These peaks approach the upwelling boundary 
between vortices as the inclination angle increases 
positively. Ultimately the two peaks merge into one. 
Thus a single velocity peak appears at the upwelling 

boundary of a pair of vortices, and the minimum 
velocity is observed at the other boundary. Distur- 
bance patterns of the longitudinal velocity are also 
shown in Fig. 6. It can be clearly seen that the 
acceleration caused by the upwelling of the positively- 
buoyant plume overcomes the flow-blockage due to 
the plume itself at 0 = 30L 

When the fluid flows downward between paral- 
lel plates (inclination angle 0 negative), the thermal 
forces tend to retard the primary flow near the lower 
plate and enhance it near the upper plate. Thus the 
primary flow has a velocity profile that is skewed 
toward the upper plate, in contrast to the case with 
positive 0. [See equation (20) for the subcritical 
condition.-] This is also true in the secondary flow due 
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FIG. 7. Patterns of primary flow and disturbance in the horizontal flow case at Re = 46.2 and Gr = 7400. (a); 
Isotherms (T) in the primary flow field (upper row) and those of T~ T' ,,~ (lower row), (b)' isovorticity lines of 

r m,~ (upper) and streamlines of ~/tp ~ ,  (lower). 

to the vortex motion ; that is, the upwelling caused by 
the positively-buoyant plume works to retard the 
primary flow and the negatively buoyant plume accel- 
erates it. This plume action is just contrary to the case 
with positive 0. Therefore, the patterns of the primary 
flow and disturbance are found to be like those of Fig. 
6, except they are now inverted; that is, the velocity 
peaks which were located at the vortex centers in the 
horizontal flow case approach the downwelling boun- 
dary of the vortex pair and finally merge. 

4.4. Nusselt number 
In the fully developed condition heat flows across 

the fluid layer. Thus the Nusselt number is defined as 
the dimensionless temperature gradient averaged over 
the vortex width 

g , ,  - q b / ) .  (T~ - Z , )  = IdT/dylw.  (21) 

All the numerical results for the horizontal flow case 
and for the inclined flow case with positive and 
negative 0 fall on a single curve when plotted against 
Ray/Rac, where Ra~. is the Rayleigh number based on 
the buoyancy force perpendicular to the plates. These 
are presented in Fig. 8 together with the results of the 
present and previous experiments. In the region of 
Rayleigh number larger than its critical value, the heat 
transfer rate is enhanced significantly by the vortex 
motion. The numerical results represent accurately the 
heat transfer augmentation observed experimentally 
in the present investigation and by Ostrach and 
Kamotani [9]. 

In the region of Rayleigh numbers not very much 
larger than the critical value, the augmentation of the 
Nusselt number is well represented by the analytical 
solution given by Mori and Uchida F1-] 

Nu = 1 + 1.413 [1 - (Rac/Ra~.)] (22a) 
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o 17. ~ " f ~  ~ ~ 
~ 22 / ~  ~" .'7 ~ . -  
,, 32" / C ~ j ~ . ~ . . - - - - - - - "  . . . .  
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FIG. 8. Averaged Nusselt number in the supercritical con- 
dition in both the horizontal and inclined flow cases. 

1./, 

/ o "' et c tL ( theory ,  1979) 

Ray/Roe 

FIG. 9. Normalized pressure gradient p in the supercritical 
condition in both the horizontal and inclined flow cases. 
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or 

( R a J R a c )  Nu - 1 = 2.413 [ (Ray /Rac)  - 1]. 
(22b) 

When the Rayleigh number is 1.7 times the critical 
value, the analytical solution tends to deviate from the 
numerical solution. This deviation becomes larger 
with increasing Rayleigh number. In the region of 
larger Rayleigh numbers (2 < Ra~/Ra c <6), the Nus- 
selt number may be expressed accurately by 

Nu = 1.43 (Ra~./Rac) t/3, (23) 

which suggests that the heat transfer rate is inde- 
pendent of the length scale b. A similar relation has 
been predicted on the basis of dimensional analysis for 
Bdnard convection at large Rayleigh numbers and has 
been verified experimentally and numerically, al- 
though the proportionality constant (e.g. the value 0.83 
has been obtained [10]) is 58% smaller than the value 
for the present case of combined free and forced 
convection. 

Another formulation can be made in the form of 
equation (22b). From his numerical calculation of 
finite-amplitude B~nard convection with free boun- 
daries, Veronis [11] presented the following empirical 
relation for the range of 2 < Ra~./Ra c < 6: 

(Ra~./Rac) N u  - 1 oc (Ra~./Ra c - 1)1'1~. (24) 

For that range of Rayleigh number, the present 
numerical calculation predicts a power of I.I 1, which 
compares well with the value of Veronis. A compro- 
mise formula, valid over the whole range of Rayleigh 
number examined, i.e. 1 ~< R a J R a  c ~< 6, is 

(Ra~./Rac) Nu - 1 = 2.47 ( R a r / R a  c - 1) 1"~ 
(25) 

This formula predicts the Nusselt number within an 
error of less than 3%. 

4.5. Pressure  drop 
In the subcritical condition the friction factors and 

the pressure drop are obtained from the steady 
solution as 

(fu, fc) = 12/Re + G r J R e  2 (1, -1 ) /6 ,  (26) 

d p o / d x  = - Re2 ( fu  + fc)/2 = - 12 Re. (27) 

Here, it should be noted that the static pressure Po is 
referred to that at the center of the fluid layer. 

In the supercritical condition the pressure drop 
increases with Ihe Rayleigh number. In their analysis 
based on the quasilinear approximation, Mori and 
Uchida [1] presumed that d p o / d x  = - 12~Re. But,.by 
retaining the nonlinear terms in the momentum equa- 
tions and making use of the quasilinear approxi- 
mation, we can obtain the following expression in the 
horizontal flow case [12]: 

p - 1 = [(Ra, . /Rac) - l ] / { 4 . 2 9 4 [ ( R a r / R a c ) -  I] 

+ 6.368 Pr 2} where p = -[(dpo/dx)/12]Re. (28) 

This equation together wilh the numerical results 
are presented in Fig. 9. A sharp increase of the pressure 
drop across the critical Rayleigh number is observed. 
This increase, however, is not as large as that of the 
Nusselt number. The analytical solution (28) gives a 
good approximation for the pressure drop over the 
range of Rayleigh number not very much larger than 
the critical value, i.e. for Ra~./Ra c < 1.4. 

With increasing inclination angle 0, the structure of 
the vortex motion changes drastically, but the increase 
of the pressure drop is approximately independent of 0. 
This is similar to the case of the heat transfer process. 
The increase of the pressure drop obtained numeri- 
cally may be represented, in a form similar to equation 
(25), by 

(Rar /Rac)  p -  1 = 1.345 (Ra, . /Ra c - 1) 1"~ (29) 

in which the maximum error is less than 3% for the 
whole range of Rayleigh number examined, i.e., 1 ~< 
Ra~./Ra c <~ 6. 

5. CONCLUSIONS 

Laminar flow between horizontal and inclined 
parallel plates heated from below and cooled from 
above was investigated experimentally and theoreti- 
cally for the range of Rayleigh number R a  above the 
critical value, R a c  = 1708. Experiments were per- 
formed by use of a laser-Doppler anemometer and 
thermocouple. Theoretical predictions were made by 
means of a finite-difference method. The longitudinal 
vortex and its effects on the transport processes were 
examined and the following results were obtained: 

(1) For the horizontal flow case, a new experimental 
data set is provided which confirmed that the 
numerical prediction does represent the real flow and 
temperature fields in the Rayleigh number range above 
the critical value, at least as far as stable and 2-dim. 
vortex motion exists (i.e. for Rayleigh numbers less 
than 8000). The main difference from the experimental 
data published hitherto is the temperature field; the 
local temperature profiles of the present experiments 
show a reversal of the temperature gradient in the 
central region of the flow, that is, a counter-gradient 
heat flow which arises due to the advective motion of 
the longitudinal vortex. 

The analytical solution of the integral energy equa- 
tions gives a good approximation in the Rayleigh 
number region not very much above the critical value. 
But at larger Rayleigh number, it fails to predict the 

rea l  flow due to the fact that it does not account 
sufficiently for the nonlinear effect caused by the vortex 
motion. 

(2) When the fluid layer is inclined from the horiz- 
ontal, the positively- and negatively-buoyant plumes, 
of which the vortex motion is composed, affect the 
primary-flow directly; in the upward-inclined flow, the 
downwelling of the negatively buoyant plume works to 
retard the primary-flow and the upwelling does the 
opposite. The velocity peaks are located near the 
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center of each vortex in the horizontal flow case; they 
move toward the upwelling boundary o f  the vortex 
pair as the inclination-angle is increased, and ul- 
timately they merge to form one peak at the upwelling 
boundary. Thus a single peak appears for a pair of 
vortices. In the downward-inclined flow, the patterns 
of the primary flow and disturbance are inverted from 
those in the upward flow. 

(3) Sharp increases of the Nusselt number  and 
pressure drop are observed across the critical Rayleigh 
number. At large Rayleigh numbers, the heat  transfer 
rate becomes independent of the length scale. The 
augmentations of Nusselt number and pressure drop 
become independent ofinclination angle, although the 
augmentat ion of the pressure drop is smaller. They are 
represented by equations (25) and (29), respectively, for 
the whole range of Rayleigh number examined, i.e. for 

Ra~./Rac <~ 6. 
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TOURBILLON LONGITUDINAL ET SES EFFETS SUR LES MECANISMES DE TRANSPORT 
EN CONVECTION LAMINAIRE MIXTE ENTRE DES PLAQUES PARALLELES 

HORIZONTALES OU INCLINEES 

R~sum~--On &udie le tourbillon longitudinal et ses effets sur les m6canismes de transport en ~coulement 
lainaire entre des plaques parall~les horizontales ou inclin6es, maintenues ~ des tempdratures diffdrentes. On 
prdsente une nouvelle s6rie d'exp6riences et de rdsultats sur les champs de vitesse et de tempdrature. Des 
calculs thdoriques sont effectu~s au moyen d'une m,qhode numdrique aux differences finies. A par tit d'un bon 
accord entre thdorie et experience, les champs de perturbation de l'~coulement primaire et les configurations 
de perturbation sont examinds pour les dcoulements horizontaux et inclines. L'angle d'inclinaison est au 
maximum de 32,1~ partir de l'horizontale et les hombres de Rayleigh sont infdrieurs ~ 9300. On constate que 
rinteraction entre les tourbillons sont faibles dans l'dcoulement horizontal, le pic de vitesse ~tant proche du 
centre du tourbillon. Dans l'~coulement incline, les configurations de perturbation changent beaucoup ; deux 
tourbillons voisins tendent 5. former une paire qui a un seul pie de vitesse ~ la frontidre montante du tourbillon 
dans r~coulement ascentionnel, et au contraire ~i ta frontidre descendante darts l'~coulement descendant. Des 
augmentations du nombre de Nusselt et de la chute de pression dues 5. la formation de tourbillons sont 

inddpendantes de rangle d'inclinaison et sont formul~es de fa~n simple. 

L~NGSWIRBEL UND IHR EINFLUSS AUF DIE OBERTRAGUNGSVORG~NGE BEI 
GEMISCHTER FREIER UND ERZWUNGENER LAMINARER KONVEKTION ZWISCHEN 

WAAGERECHTEN UND GENEIGTEN PARALLELEN PLATTEN 

Zusammenfassung--Die L/kagsMrbel und ihr Enflul3 auf ~bertragungsvorg~ge in laminarer Str6mung 
zwischen waagerechten und geneigten parallelen Platten mit unterschiedlicher konstanter Temperatur 
wurden untersucht. Es werden neue experimentelle Daten Ober die Geschwindigkeits- und Temperaturfelder 
vorgelegt. Theoretische Berechnungen wurden mit einem numerischen Differenzenverfahren durchgef/ihrt. 
Auf der Grundlage der guten Obereinstimmung zvdschen Theorie und Experiment wurden die gest6rten 
Prim/irstr6mungsfelder mit ihren St,Srungsmustern sowohl ftir horizontale wie auch geneigte Strbmungen 
untersucht. Der Neigungsx~Snkel betrug maximal 32,1 ~ gegen die Horizontale und die Rayleigh-Zahl lag 
unterhalb 9300. Es zeigte sich, dab die Wechselwirkung zwischen den Wirbeln bei der horizontalen 
Str,Smung sehr gering war, wobei das Geschwindigkeitsmaximum nahe dem Wirbelzentrum lag. In der 
geneigten Str6mung dagegen/inderten sich die St/irungsmuster erheblich; zwei benachbarte Wirbel neigten 
zur Paarbildung mit einem Geschwindigkeitsmaximum an der oberen Wirbelgrenze bei Aufw~/rtsstr/Smung 
und umgekehrt an der unteren Grenze bei Abw'~rtsstr/imung. Es wird gezeigt, dab das Anwachsen der 
Nul3elt-Zahl und des Druekabfalls infolge der Wirbelbildung unabhSngig vom Neigungswinkel ist und in 

einfacher Form ausgedr~ickt werden kann. 
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HPO~O.I IbHBIf l  BHXPb  H EFO BJ]HYlHHE HA I-IPOI2ECCbI H E P E H O C A  HPH 
CMEIIIAHHOITI CBOI30,/IHO~ H BblHY)IOIEHHOI~I .rlAMHHAPHO[~ KOHBEKI-[HH 

ME)I(,/~Y FOPH3OHTA.rlbHbIMH H HAKJIOHHhIMH IIAPA.rlflE.rlbHblMH 
II.rlACTHHAMH 

Am~oTauH~--I-IpoBe21eHO HCCneJlosaHlle HOBe,/ICHH~I npo~o~bHOrO BHXpa II ero BJIIIflHII~[ Ha rlpoIleCCbl 
nepeltoca Hptl ~aMIIHapHoM TeqeHltlt MeR<~y ropH3OnTa~bHbI.MH H HaK.qOHHblMH napanne~bHbiMll 
n.qaCTttttaMll, tIMCIOIIIIIMtt pa3llylo reMneparypy, l'Io21y~teHbl HOBble 3KcHeptI.MeHTaJ]bHble Jlaltllble 110 
nO21BM cKopocTIt II TeMnepaxypbt. lrlpoBe21etlbl TeOpeTttnecrlfe pacqeTbl c HOMOILIblO ttItC2ICHHOFO 
rolteqtlo-pa3HOCTHOrO Mero~a. Ha OCHOBe xopol~ero coanalleHH~ pe3y21bTaTOB TeopeTllqecroro 
pacnera c 3IgCIlepllMellTf121bllblMH ~aHHblMH BblI1021ItCHO llccfle210Balllle BO3.MylIICHIIblX no~ei] HepBHq- 
noro  nOTOra H raprHn BO3MymeHfla r a t  npa  ropH3oaranbllOM, Tar H HarnOHHOM -re~temlax. 
MaI~:CHMaYlbHblii yron HarnoHa cocraBnfln '32,1 ~ a 3na'~emtfl qHC.qa Panes He npeButuanH 9300. 
Hora3aHo, ' tro BtIXpH B3aIIMO~eJicTBylOT naMHoro cna6ee npH ropll3OHl'a.qbltOM TeqeHitll, rlpilqeM 
nHr cropoCTZl IIaxo,RHTCfl y uea rpa  BHxp~. l-lpH narnonHoM TeqeHIHI raprmlbl  ao3x~ytueull~ 
cytuecrBetIHo H3Melt~IIOTCfI: ,aaa coceamlX Bltxp~I cTpe,MBTCB o6pa3oaarb  napy, y roTopoii n;tr  
cropOCTH IIaXO21HTC~ Ha Bepxneii rpamme aHxp~t npH nanpasnem~oM Bsepx TeqeHHH il, nao6opoT, Ha 
HII~He~ rpaHHtte npH Hanpas.aenHoM BUll3 Teqelltlll. Flora3ano, qro yBe.aHqeHlle tllfcJIa Hyccem,'ra 
n nepena~a ,aaa.neuH~ npH o6pa3oaamt;i  sHxpefi He 3aBHCHT OT yr~a Har~oHa. Hpea.ao:~eua 

npocraa  no qbopMe 3aBIICHMOC'rb. 


